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Introduction 

Recently, Mebaraki, Khallili, Bussahel and Haouchine derived the Moyal-Weyl star 
product for a noncommutative curved space time pp. So it is a non associative 
product and it was introduced in following form 



(f>g)(x) = e Ax ^f m ° )+ ^ d ^f® d ^f(x)®g(y) 



y=x 

(1) 



Where A 1 ' = % — a f s S(7 d a R and " R" stands for the Reimann curvature tensor 
and 3 means identity of spaces ( for example 5s f stands for identity of "f space 
) and so on. The physics will be approximate while the Ax is not a constant or 
metric tensor as desired may be selected, the new star product is an approximate 
theory in terms of 9 that B-C-H terms has its demands. So if we consider of A^ 1 = 
2y7= d a/3 d 5cT d CT Rg a ^ is a constant we get to exact theory and we will have a good 
behavior theory otherwise many concepts will change for example j dx f(x) > 5{x — 
a ) 7^ fi a ) an d our theories will be very complex. However, this is an important 
class of non-commutativity for space time configurations with out curvature. Let's 
to derive the following formula in noncommutative flat space time (* stands for 
Moyal star product) 

dx f{x) -k S(x — a) = J dx f{x)5{x — a) = /(a) (2) 

But in continue, we show that this isn't true for noncommutative curved space time 
with general metric. 

Non accosiated product and relations 

We start the proof of following formula for flat space time 

dx f(x) *8(x-a)-k g(x) = g(x) * f(x)\ x=a (3) 

This is our starting point dk = — ^—jd d k and dx = d d x so by the Moyal-Weyl map 
we get to (at this time, for convenient, we introduce § = f(x) * 8{x — a) * g(x) ) 
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§ = j dkdqdp f(k)g(p)e lk£ e tq{£ - a) e ip£ 

= / dkdqdp mme -^M^ ■ ^ 

= J dkdqdp f(k)g(p)e- iqa e l{k+q)& e ipS: e^ k ^ l ' qv 

We introduce r\ = k + q so we have 

§ = J dkdr/dp f(k)g( p ) e -<^ a e^e ip *e^ k ^ v ^- k) » 

= J dkdqdp /(A;)^(p)e- j(,7 - fc)a e j(,?+p)f e^ r '^'" p ''e^ fc ' ie ^ ( ^ fe) '' 

Again, we introduce a = rj + p so we have 

§ = J dkdqdp /(A;)^e- l(r '- fc)a (p)e j( ' ?+p)i; e^ r '^'"'^e^^ e ' lt ' (?? - fc)l ' 
= J dkd^da f{k)g{a - rj) e -<v-k)a^ a x e ^ efl " e^ k ^" 

From the Moyal-Weyl map we get to 

W(f7g) = J da J^g(a)e ia£ 

Where 

J7g(a) = J dkdr]f(k)g(a - v )e-^- k)a e^^(«-^ e ^r^(v-k). 
So we can write [2] 

f*g(x)= [ da{[ dkdr/^^^^-^e^-^e^^^-^e^^^^^e" 



Now we get back to initials parameters a = rj + p 

f*g(x) = J dkd7 ? dp/(A;)^(p)e- i9a e^^^e^ fc '' eMl ' (, '- fe)l 'e^ +p):r 

= J dkdqdp/(A:)^(p)e- i9a e^ (fc+9) ^ M,/p ''e^ fc ^^ (fe+ ' ? - fe) ''e l(/£+9+p):c 
= J dkdqdp/(fc)y(p)c 



So 



)e 2" (k+q)nO^Pv e ^ki l e^q„ e i(k+q+p)x e -iqa 



(10) 



dx /(x) * 5(x — a) * #(x) 



e 2 (fc+?) M 6" 1 ^ e ^fe M 6" u/ 9 I , e i(fe+q+p)x e -i ? a 



dx J dkdqdp f(k)g(p) 
= J dkdqdpf(k)g(p)e^ k+q) ^ Vp »e^ k ^ Vq »(J dx e *(*+«*+p)*) e -wa 
= y dkdqdp/(A:)^(p)e^ (fe+ ' ?) ^ M ^e^ MM ^(5(A: + ? + p))e^ a 
= y dkdp/^)^)^^ 



, g j(fc+p)a 



dx 5(y - a)dkdpf(k)g(p)ei k ^ Vp ^e t{k+p)y 

= g(v)*f(v)y=a (11) 

We use the our proven method for another formula in flat space time (at this time, 
() J dx /(x) * h(x) *g(x)) 

dx dkdqdp f(k)h(q)g{p)e tk£ e tq£ e ip£ 



Sh(z) 

5 



Sh(z) 
S 

5h(z) 



dx dkdqdp/(A:)/ i ( ? )^(p)e< fc+9+p)£ e^^ ef "'' ?l 'e^( fc+ ' ? ^ e ' 1 ^ 

(12) 
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By the Moyal-Weyl map we get to 

§ = -L- 

° 5h(z) 
5 



6h(z) 
S 



dx dkdqdp/(A;)/i(g)^(j9)e i(fc+<?+p):c e^ fe ^ M ' / ^e^ (A;+9) ^ M ^ 
dx dkdpf(k)g{p)e< k ^ x e^ k ^^( J dqe^-^M^)/^)) 



5h(z) 

= J dx dkdp/(fc)#(p)e* (fc + p)x e W^ p ^(i^ - h u 6 Uf " - \& w Vv) ~ 
= J dkdp/(A;)^(p)e i(fe+p) - (zM+ ^^ , " l+ ^ Ml '^)e^ fe ^ M ^ 

= g(y)*f(y)\ y = z (13) 

At this time, we try to construct the similar formulas for the non-associative new 
star product. So we can write (again, we introduce § = f(x) > (h(x) > g(x))) 

§ = W(f)(W(h)W(g)) = J dkdqdp/>)%)^)e ifc V^ £ ) 
= J dkdqdp/(A;)/i(g)^(p)e lfc£ (e l(9+p)£ e^ ( '^ M,/p ''e i ( 9+?, ^ AM ) 

(14) 

we introduce i] = q + p so we can write 
§ = J dkdr]dpf(k)^-p)g(p)e tk %e tv£ e^ {v - p) ^ p »e l ^ A ") 

(15) 

We introduce a = k + q + p 

a\Ldqd V f(k)^q)g(p)e< k+q+ ^e^ k ^ 
= J dad^dp/(a - rj)h(r] - p )^( J9 ) e lQ£ e^ (Q - T ' ) ^ Ml '^e^ AM e^ (T '- rt ^ M '^e^ AM 

= J da^{o)e iax (16) 
Where 

tt(a) = drjdpf(a - r))~h(r) - p y g (p) e ^-v)^v v ^^ e ^(v-P)^P»^^ 

(17) 



So 

§ = J dad??dp/(a-?7)%-p)#(p)e iax e^ (a -^ 

(18) 

Now we get back to initials parameters 

J dx §(x) = J dx J dkdqdp/(A;)/i(g)g(p) 

et (k+ q +p)x e ^k^(q+p) Ve l(k+q+p)^ e ^q fl 8^p l , e t(q+p)^ 

= J ( ixdkdp/(A:)^(p)e< A;+p ) :E e^^ eM ^e< fc+p ^ A ' 1 e ip '' AM 



dq h(q)e iqfl[x "fe+^-f^ "iv)) 

^dkdp/(A:)^(p)e t(A;+p):r e^ /c ^ M ^e t{fc+p)flAM e ip '' AM / i (x) 

(19) 

Where x' 1 = x» + \B^ v k v + 2A^ - \0*"'p v so we can write 

-4-T / §(x) = / dxdkdp/(A;)^(p)e< fc+p)x e^ fc ^ M ^e< fe+p )^ AM e^ AM -4-T/i(a:) 
y J oh(z) 

= J ^dkd P 5(x-z)/(A;)^(p)e< fc+p ) :c e^ fc ''^e< fe+p )' lAM e^ AM 
= J dkdp/(A;)^(p)e i(fc+p)z "e^ fc '' 9Ml '^e< fe+p ^ A ^' 1 e^ A(z " )M 

(20) 

For first class of Ax we can write x M + 2 A M = s(x M ) or s(x M ) + ^O^k^ — \d^ v p v = z^ 
then s(x») = - \Q^k v + \Q» v p v if 3s" 1 then = 8~ 1 {zf l - \6^ u k v + \6^p u ) so 
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J dx%{x) = J dkdpf(k)me iik+p)s ~ 1{ ~ z) e^ k ^ 

(21) 



Sh(z) 

Where z^ = z^ — \9^ v k u + \9^ v p u . But for second class of Arc (Ax is a constant) 
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we have a;" = - 2A^ - \B» v k v + \Q^p v so 

J dx§(x) = J dkdp/(A;)^(p)e< fc+p )^ 2M - 2AM ^^^ + ^ M ^) 



6h(z) 



e ^k^ Vv e t(k+p)„ A" e tp„ A" 



dkdp/(A;)^(p)e 

dy 5{y - z)dkdpf(k)g(p)e t{k+p) ^e- tk ^ 



e -tPt,\e^k v 



= g{y)p l f{y)\ y=z (22) 
Where >i = e f eMI/ 9 m®^^- am ^®^m anc i by similar way we can find 

6 f 

-^-y J dxf>(g>h) = f(y)<ig(y)\ y=z (23) 

Where <i = e^" 9 ^"^ 9 " 03 . Also we can write 

J dx f>5(x-z)= J dx 5(x -z)> f(x) = f(z) (24) 

And for another formula we can write (§ = f(x) > (h(x)g(x))) for calculate of ^^j§ 
We have 



h(x)g(x) = J dqdph(q)g(p)e iqx e ipx 

= J dr]dp~h(r} - p)g(p)e l1 > x = J dr]H(ri)e l1 > x (25) 

Also W(h(x)g(x)) = J dr]H(r])e ir,x where H(rj) = J dph(r] — p)g(p) so we can write 
dx J dkdr)f(k)H(r])e tkx e tvx 
dx J dkdqdpf(k)h(q)g(p)e lkx e l{q+p)x 

dx J dkdqdp/(A;)/i( ? )^(p)e l(fc+9+p)£ e^ eMI ' fe '' (9+p) ''e j(fc+9+p) '' AM (26) 
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With the Moyal-Weyl map 

§ = J dx J dkdqdp/(A:)/ i ( ? )^(p)e t(fc+9+p) "e^ eM, ' fc '' (9+p) ''e t(A;+9+p) '' AM 
= J dx J dkdpf(k)g( P y {k+p)x e-^ k ^e< k+p) ^ 

= J dx J dkdpf(k)g(p)e^ k+p)x e^ k ^e t{k+p) ^h(x) 



(27) 



So we get to 
5 „ 



J J dkdp/(A;)^(p)e l(fe+p) - (zM+ ^^^- AA1) e -^' ll ' fe MP, e <fc+p)MA- 



8h(z)° 

= f(y)g(y) y=z (2* 
And for next formula (§ = J dx f(h > g)) 

5 

5h{z) 
5 



5h(z) 
5 



dx J dpf(p)e tpx ( J dqdkh(q)g(k)e iqx e lkx ) 
dx J dpj{p)e ipx { J dqdkh(q)g(k)e^ k+q)x e^ qek e t(k+q)A ) 
dx J dpdkf(p)g(k)e< p+k ^e^ A "(J dqh(q)e iq ^ e ^ k " +xfl+A ^) 
= J dx J dpdkf{p)~g{k)e< p+k)x e lk » A \5{x» - (z" - A"- ^Vx))) 
= J dpdk/(p)5(/c)e^ +fe )^- AM -^^ fo )e^ A " 

= g(z)e^<®£- A ^»f(z) = g(z) > x f(z) (29) 
And for § = j^-^ J dx f(g> h) we can write 
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§ = SK&jf dX J d Pf(Py PX (J d q dkh(q)g(k)e lk£ e^) 

5 f dx j dpf(p)e tpx ( J dqdkh(q)g(k)e l{k+q)x e^ keq e i(k+q)A ) 



5h(z) 

= JL-J dx J d V dkj{p)~g{k)e< p+k >e^ A \J dq%)e^^ +;EM+AM )) 
= J dx J d V dkf{ P y g {k)e t{p+k)x e lk ^\5{x^ - {z? - A"- ^V^,))) 
= J d V dkf{p)^e< p+k ^' A ^ e ^e lk ^ 

= f(z)e^®£- A ^^g(z) = f{z) <x g{z) (30) 
Also we see that if (§ = A(d M B > C)) we can write 



5 „ 6 



8B(z)* ' 5B(z) 

But we have 



J dx A(5^B > C) (31) 



§ = J rfxdqdpdk iq»A{k)B{q)C{p)e lkx e l{q+p)x e^ qep e l{p+q)A 

= - J dx J dpdk d„(A(k)C(p)e tkx e ipx e wA ) J dqB(q)e iq{x+ ^ ep+A) 

(32) 

Or 

^-y§ = -J dx Jdpdkd,(A(k)C( P y kx e* px e* pA )5(z-(x + ^-6p + A)) 
= - J dpdk d„(A(k)C(p)e* kx e* px e* pA ) L W ^ P _ A , 
= -dp J dpdk A(k)C(p)e tkz e tpz e- tkA+ % ka0aUpi ' 

= -d^C{z)e- Aa ^ + ^ av ^A{z)) (33) 
For new equation (§ = A(C > <9 M B)) and for 

5 



5B{z) 



dx A(C > a M B) (34) 
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We can write 



§ = J cfedqdpdk iq»A{k)B{q)C{p)e lkx e l{q+p)£ e^ p9q e l ^ A (35) 
But this is sufficient to convert of 9 — > — 9 in last relation, so we have 

_^L-§ = -d^A(z)e- Aa ^ + ^ r ^C(z)) (36) 

And 

-i-- ! rfxA((B>C)>D) = C(z)e l ^ a ^^( J D(^e- A ^^ + ^ eQ ^^A(z)) 
oB{z) J 

(37) 

And 

— — —p — r f rfxA((C>B)>D) = (D^e^^ 2 ^^^^))^^^^) 
dB(z) J 

(38) 



And 



d f dx A(D>(B>C)) = C{z)e^^{A{z)e-^^ +% ^''^D{z)) 



(39) 

And 



6 — f ^ A(D>(C>B)) = (A^e-^^+^^D^))^^^^) 

(40) 



55(2) 

By new symbols we have 



e*¥-Ks& = . * (41) 
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Or 



5B(z 
5 



5B(z 
S 



5B(z 
5 



SB(z 
S 



SB(z 
S 



SB(z 
5 



5B(z 
5 



SB(z 
S 



SB(z 
S 



SB(z 
5 



5B(z 



J dx A > (B > C) = C{z) > 1A A(z) 
dx A > (C > B) = A(z) > 1A C(z) 
dxA>(BC) =A{z)C{z) 
dx A(B > C) = C(z) t> 1A A(z) 
dx A(C>B) = A(z) > 1A C(z) 
dx A(d M B > C) = -d„(C(z) >ia A{z)) 
dx A(C > fyB) = -d^A(z) < 1A C{z)) 
dx A((B > C) > D) = C(z) * (D(z) > 2A A{z)) 
dx A((C > B) > D) = (D(z) t> 2A A{z)) * C{z) 
dx A(D > (B > C)) = C(z) * (A(z) < 2A D{z)) 
dx A(D > (C > B)) = (A(z) <2A D{z)) * C{z) 



(42) 



And we will show it is ( the new star product ) a non-associative product much 
as Ax is a constant. 



f>(h>g) = ydkdqdp/(/c)%)<?(p)< 



(43) 



This is not same with 



(f>h)>g = J dkdqdpf{k)^q)g{p)e t{k+p+q)& e^ (k+ ^ 

(44) 

We see that these are not same. 
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Discussion 

Formulas ware derived are useful when we work with new star product with 
special metric(A M will be a constant). We have shown that they have different 
results than flat space time. This is important to calculate of laws of physics such 
as variational method in field theory and electrodynamics. We are sure that recent 
results will lead us to the old results while lim^ . 
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